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Type-II multiferroicity, where electric polarization is induced by specific spin patterns, is crucial in
fundamental physics and advanced spintronics. However, the spin model and magnetoelectric coupling
mechanisms in prototypical type-II multiferroic CuFeO, and Al-doped CuFeO, remain unclear. Here, by
considering both spin and alloy degrees of freedom, we develop a magnetic cluster expansion method,
which considers all symmetry allowed interactions. Applying such method, we not only obtain realistic
spin model that can correctly reproduce observations for both CuFeO, and CuFe;_,Al,O,, but also revisit
well-known theories of the original spin-current (SC) model and p-d hybridization model. Specifically, we
find that (i) a previously overlooked biquadratic interaction is critical to reproduce the 11 | ground state
and excited states of CuFeQO,; (ii) the combination of absent biquadratic interaction and increased magnetic
frustration around Al dopants stabilizes the proper screw state; and (iii) it is the generalized spin-current
(GSC) model that can correctly characterize the multiferroicity of CuFeO,. These findings have broader
implications for understanding novel magnetoelectric couplings in, e.g., monolayer multiferroic Nil,.
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Type-II multiferroics exhibit electric polarizations
induced by spin patterns that break inversion symmetry,
leading to strong magnetoelectric coupling and advanced
spintronics applications [1-4]. The delafossite compound
CuFeO, is a prototypical type-II multiferroic, featuring a
magnetoelectric mechanism that differs from those with
cycloidal magnetism [2,5], making it especially significant
for the fundamental physics in the field.

CuFeO, crystallizes in the space group R3m at room
temperature [6,7]. The structure consists of edge-sharing
FeOg octahedra layers and intervening layers of Cu™ along
the c axis, as shown in Fig. 1(a). The magnetic ions of Fe**
exhibit a &> high spin configuration and form a triangular
lattice [8—13]. At 11 K, CuFeO, undergoes a magnetic
transition to the ground state of the collinear four-sublattice
(4SL) state, also known as the 11| phase [8,14] [see
Fig. 1(b)]. A proper screw state emerges when a magnetic
field is applied along the out-of-plane direction [7] or when
a few percent of Fe ions are substituted with nonmagnetic
Al or Gaions [7,15,16]. This proper screw state propagates
along one of the degenerate (110) axes and induces electric
polarization along the parallel direction of propagation
[see Fig. 1(c)], resulting in the type-II multiferroic phase.
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However, none of the previous models, whether computed
from first-principles or fitted from experimental data, have
been found to result in the 11| phase, let alone the
excited states (see details in our results) [17,18]. In the case
of CuFe;_,Al,O,, it is a pity that no model or theory can
explain the fact that aluminum substitution down to 2% can
lead the system to a helical spin state. Therefore, it is highly
desirable to develop new methods and models to correctly
describe the magnetism of CuFeO, systems, so that their
multiferroicity can be accurately understood.

Another issue is that the emergence of polarization in
CuFeQ, is currently not understood. The commonly used
theory is the spin-current (SC) model, which links the
local electric dipole p with spins in the form of
p xe; % (S; x8;), where e;; is the vector pointing from
S; to S; [19]. This model is successful for the case of
TbMnOs;, where a polarization perpendicular to the propa-
gation direction of the spin cycloid is induced [see Fig. 1(f)].
However, for a proper screw state as in CuFeO,, the
SC model does not predict a polarization, as e;; is parallel
to (S; x S;) [see Fig. 1(g)]. Then, it has been widely believed
by many researchers that the spin-dependent hybridization
between Fe 3d and O 2p is responsible for the ferroelec-
tricity [6,20-32]. This p-d hybridization can induce polari-
zation by the charge transfer between metal and ligand
with spin-orbit coupling (SOC) effects and a helical
spin state [20]. The induced polarization is predicted as
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FIG. 1. (a) Crystal structure of CuFeO,. (b) Ground state of
CuFeO, with 11| ordering. (¢) Ground state of CuFe,_,Al,O,
showing the helical state, with S, encoded by color. (d) Spin-
order-induced polarization is zero at the spin’s spatial inversion
center. (e) Nearest neighbor Fe-Fe pair with edge-shared octahe-
dra in CuFeO,. (f) Spin cycloid state and electric dipole p
predicted by the SC model. (g) Proper screw state and electric
dipole p predicted by the GSC model.

px(e;-8S;)S;—(e;;-S;)S; [20], which lies in the
plane spanned by S; and S;, and is perpendicular to the
magnetic propagation vector ¢. This contradicts experimen-
tal results [7,33] that show pl|q. Thus, p-d hybridization
cannot explain the polarization of CuFeO,. Therefore, the
origin of type-Il multiferroicity in CuFeO, remains
unresolved.

In this Letter, we develop a magnetic cluster expansion
method, which is capable of dealing with both spin and
alloy (dopant) degrees of freedom and can consider all
symmetry-allowed interactions. Applying this method, a
realistic model is constructed for CuFe;_, Al O, systems. It
is found that, for x choosing its values from zero or finite
values, this model not only reproduces the experimental
states accurately, but also reveals the critical role of the
previously overlooked biquadratic interaction, which arises
from metal-ligand-metal superexchange [34,35] (see
Sec. XI in Supplemental Material [36]). Additionally, the
model shows that Al dopants tilt the delicate balance
among different states, resulting in a helical spin state.
Furthermore, through symmetry analysis, we find that the
multiferroicity of CuFeO, can be well explained by a
generalized spin-current (GSC) mechanism [37,38].

Magnetic cluster expansion method—To capture the
magnetism and multiferroicity in CuFe;_,Al,O,, we develop
an accurate magnetic cluster expansion method. Compared
to the spin cluster expansion method [53] and our own
symmetry-adapted cluster expansion method [39,54,55], this
method explicitly incorporates alloy (dopant) degree of

freedom and its couplings with spin. Notably, symmetry
is applied to both spin and alloy degrees of freedom,
ensuring all terms in the Hamiltonian are invariants.
For CuFe,_,Al,O,, the effective Hamiltonian can be
expressed as

Herao = Hero + Ha, (1)

where Hcrg 1s the spin model of pure CuFeO,, while H
denotes the difference arising from Al doping. Typically,
one can obtain a realistic model by starting with an initial
model with sufficient interactions, where the coefficients
can be determined by a machine-learning (ML) method [40]
that fits with DFT energies of random spin configurations and
random Al doping (see Sec. I in Supplemental Material [36]).
The model yields a very small mean average error (MAE) of
0.036 meV/Fe, indicating good accuracy. Note that the
Hamiltonian is based on the R3m structure, as the monoclinic
structural distortion does not impact the main findings (See
Sec. VII of Supplemental Material [36]).

Realistic spin model of CuFeO,—We first focus on the
spin model of pure CuFeO,, which is determined as

Hero = »_J,Si-S;+ > _B(S;-S;)?

(id)n (i

+ DS S+ D ALSIS:, (2)
(it i

where (i, j),, denotes the nth nearest neighbor (nNN), with
n=1, 2, 3, and the superscript L represents interlayer
interactions. Note that the spin value is set to unity. It is
found that the Heisenberg interactions in CuFeO, are
dominantly antiferromagnetic (AFM), with the strongest
coupling being J; = 3.77 meV, followed by J; and J,
(see Table I). The interlayer coupling Ji = 1.04 meV is
also AFM and non-negligible. The relative strengths
of these Heisenberg terms are consistent with previous
works [17,18]. Moreover, a sizable biquadratic term with
B = —0.92 meV is predicted for the INN, which is absent
in previous studies [17,18,31,56,57]. Additionally, the
single ion anisotropy (SIA) is found to be of the easy-axis
type with A, = —0.48 meV.

To assess the validity of this model, Monte Carlo (MC)
simulations and conjugate gradient (CG) optimizations are
performed (see Sec. I in Supplemental Material [36]). It
turns out that the ground state is indeed the collinear 11|
state. To elucidate the effects of the biquadratic B term and
the J; —J; competition, we construct a phase diagram
where J|, J,, Ji, and A_, are kept constant, while J3 and B
are systematically varied. As shown in Fig. 2(a), in the
absence of the B term, the system results in a noncollinear
state (see Fig. S2 in Supplemental Material [36]), which is
in line with the ground states of spin models in previous
works [17,18,31,56,57]. On the other hand, increasing J5
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TABLE 1. Dominant parameters in Hcgao, Which includes
Hcro and Hy. |S| = 1 is adopted for better parameter compari-
son. Energy unit is in meV.

Hero Ha

Jy 377 71, 113 J; 181
Jt 104 B 092 A. —048

Alsg 120 AJs; 037

(resulting in a stronger J5/J;) leads to the stabilization of
an incommensurate helical state propagating along the
(110) directions, denoted as IC{!19),

Furthermore, the model H o accurately describes the
excited states, which are investigated by applying a
magnetic field along the ¢ axis. As shown in Fig. 2(b),
for a field stronger than 24 T, a proper screw state emerges.
This state propagates along equivalent (110) directions and
possesses a similar energy (only 0.06 meV /Fe higher) than
the 11| state, consistent with experimental results. It is
found that slightly weakening the value of B makes the
proper screw state more energetically favorable, confirming
the critical role of the biquadratic term in stabilizing the
MM state. Further increasing the field beyond 26 T, the
proper screw state transforms into the so-called five-
sublattice 111 state. Note that the (110) helical state
breaks inversion symmetry and induces electric polariza-
tion. In addition to the field effects, the transition from
ordered magnetism to paramagnetism at finite temperatures
is also well reproduced by our effective model, as shown in
Fig. 2(b). The good agreement between our simulations and
experimental measurements [7,58,59] confirms the high
accuracy of our model and emphasizes the significance of
the biquadratic B term.

Effective model of CuFe,_,Al,O,—We now turn to
examine the effects of Al dopants, i.e., CuFe,_.Al,O,
with x being finite. In the present case, we consider the
changes in spin interactions, with at least one Fe being the
first nearest neighbor to Al dopant. Then, the model of
Hcpao 1s obtained from fitting, and the part resulted from
Al doping reads

Ha= Y AJS;-S,;. (3)

()

where AJ represents changes in the Heisenberg interactions
in the proximity of Al dopants. The neighboring index n
ranges from 1 to 3, and index k denotes the geometry
between the Fe-Fe pair and the Al dopant [see examples
in Fig. 3(c) and details in Table S3 [36]]. Among the
various doping-induced modifications to the Heisenberg
interactions, AJ;¢ = 1.20 and AJ;; = 0.37 meV are the
dominant ones, both enhancing the original J;. Other
parameters are found to contribute much less to the
formation of proper screw [60]. Note that the enhancement
of J3 roots in the increased of e -e, hopping near the Al
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FIG. 2. (a) Phase diagram for a triangular lattice system with
varied J; and B, using fixed parameters: J; = 1 meV (AFM),
J, =0.30 meV, Ji =027 meV, A, =-0.13 meV, J; >0,
and B < 0. The red star indicates pure CuFeO,. The S,
component is shown by a color gradient on the vectors [see
Fig. 1(b) for the color bar]. (b) Field-temperature phase diagram
of the model Hcgp, with black squares representing measured
data [9]. The dashed line indicates the coexistence of IC{11?) and
M1l | states. Horizontal and vertical axes are rescaled by
factors of 0.4 and 0.5, respectively, for better comparison with
experimental data (see Sec. IX in Supplemental Material [36]).

dopant (see Sec. VI in Supplemental Material [36]).
Notably, we find that the influence of Al on SIA, Ji, B
and Dzyaloshinskii-Moriya interaction is sufficiently weak
and can thus be neglected (see Sec. III in Supplemental
Material [36]).

To verify the accuracy of our model, we perform MC and
CG simulations on supercells with and without Al dopants
using the Hamiltonian of Hcgag, as in Eq. (1). When
doping concentration is zero, the model reduce to Hcpg.
When doping Al around the density of x = 0.02, the system
enters a mixed state combining 11| phase and a helical
phase, as shown in Fig. 3(a). This mixed state aligns well
with experimental observations. The pure helical state
gradually lowers its energy with respect to the 11| state
and becomes ground state for x > 0.07 (see Fig. S10 of
Supplemental Material [36]). The helical phase propagates
along lattice vector a direction (x direction in Fig. 3), which
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FIG. 3. (a) Spin configurations for CuFe;_,Al,O, with
x = 0.02. The x component of induced electric polarization is
shown in magenta-cyan. (b) Spin structure factor S(g) for the spin
pattern in (a), with the peak at ¢, = 0.42 marked by a yellow
arrow, corresponding to the proper screw in (a). (c) Mechanism
for the emergence of the helical state in CuFe;_,Al,O,. Two
dominant AJ (see Table I) are marked by solid lines. Note that the
red line shows a 1.2 and 0.37 meV increase in J; due to Al
doping.

is equivalent to (110) directions, i.e. the ICU'% state.

To determine the period of the helical state, we calculate
the spin structure factor, which is defined as S, =
(1/N)Zgmry (| ZiaSiqe %) [61]. The 11/| phase
corresponds to a pair of bright spots at ¢ = (40.5,0,0)
(see Fig. S3 in Supplemental Material [36]); While the
mixed state not only shows two major spots near zone
boundary (¢, = £0.5), but also exhibits two more spots at
q = (£0.42,0,0), as shown in Fig. 3(b). Such latter spots
corresponds to the helical state and indicate an averaged
period of 2.38a. The propagation direction and period of
the helical state are both consistent with measurements
(2.41a) [16,58,59], indicating a good accuracy of our
model. Moreover, the present method allows for varying
the concentration x and demonstrates a larger proportion of
the helical state with an increase in x (see Fig. S5 in
Supplemental Material [36]).

We now turn to unravel the mechanisms that induce the

emergence of the IC{!0 helical spin state. Starting with

Hcro, we introduce Al dopants and gradually incorporate
different AJ,, , terms and exam the resulted phases. Results
from these tests indicate that (i) the IC{'% state does not
emerge solely with the presence of Al dopants but without
changing any parameters; while (i) if AJs¢ (AJ37,
respectively) is considered, the IC(? state begins to
emerge for x > 0.05 (x > 0.04, respectively). If incorpo-
rating all non-negligible AJ, ; terms, the critical concen-
tration decreases to x ~ 0.02 (see Fig. S6 in Supplemental
Material [36]). We then choose two states: a 11| state
and a mixed state with both 11} | and IC("'? patterns, and
decompose their energy into contributions from each
considered term. It is found that, compared to the 11
state, the AJs 4 and AJs; terms favor the IC!!!%) state and
primarily contribute to energy gains of —0.017 and
—0.024 meV /Fe, respectively. Notably, although the value
of AJj 7 is smaller than AJ; g, it has higher pair multiplicity
[refer to Fig. 3(c)] and thus contributes the most energy
gain. In contrast, other AJ,; terms with modest values
contribute negligible energy gain or cost. On another
aspect, the presence of Al eliminates biquadratic inter-
actions (which favor collinear alignments) in the nearby
area, thereby promoting noncollinear states. It is thus
demonstrated that the emergence of IC!!'? state is due
to the enhancement in J; (stronger J; — J; competition)
and absence of biquadratic interactions induced by Al
doping.

Origin of multiferroicity in CuFeO,—We now inves-
tigate the origin of the ferroelectricity in CuFeO, induced
by spin order. According to the discussion in the intro-
duction, the original SC model and the p-d hybridization
theorem does not work for CuFeO,. For the invalidity of the
p-d hybridization theorem, it is easy to understand that the
spins on Fe ions are actually located at inversion centers,
which do not generate any polar quantities [see Fig. 1(d)
and Sec. V in Supplemental Material [36] ]. We thus turn to
the GSC model [37,38], according to which the local
polarization induced by spins S; and S; can be expressed as
P;; = M(S; x8;), where matrix M can be extracted from
DFT calculations using the four-state method [37]. For the
nearest neighbor Fe-Fe pair along the direction of lattice
vector a, it yields

My, 0 0
M= | 0 My My|, (4)
0 Mz Msy
where M, = 16.75, My, =-99.5, M, = —49.5,

My, =79.5, M3 = 47.5 in unit of 10~° e - A. This form
of M is consistent with the local C,, symmetry of the
adopted Fe-Fe pair [see Fig. 1(e)]. Applying GSC model
with M in Eq. (4), the spin induced electric polarization is
calculated for CuFeO,. As shown in Fig. 3(a) (see also
Fig. S3 in Supplemental Material [36]), there is no
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polarization near the collinear 11| state, while a net
P, > 0 is observed in the proper screw area, which is
consistent with measurements that P is parallel to spin
propagation direction [7]. The simulated value yields
177 uC/m? for x = 0.02 doping, which agrees well with
measured 140 pC/m? [62], indicating the validity of GSC
model. Moreover, we find that the failure of usual SC
model for CuFeO, is actually due to that its form of
p xe; x (S; x§;) actually neglects diagonal elements of
M matrix, especially M, for CuFeO, (see Sec. V in
Supplemental Material [36]).

In summary, we newly develop a first-principles-based
symmetry-adapted magnetic cluster expansion method,
which can consider both spin and alloy (dopant) degrees
of freedom. For pure CuFeO,, our model indicates that
the overlooked biquadratic interaction is necessary to
reproduce the 11| ground state. For CuFe;_,Al,O,, it
correctly predicts the helical ground state and its magnetic
propagation vector, primarily due to Al-induced absence of
biquadratic interaction and enhancements in the third
nearest neighbor antiferromagnetic coupling. Furthermore,
we show that the multiferroicity in CuFeO, can be well
described by the generalized spin-current mechanism,
instead of commonly believed p-d hybridization. Notably,
the spin structure of CuFeO, is similar to that of the 2D
type-II multiferroics Nil, [41,42,63] and Mnl, [64], sug-
gesting a comparable magnetoelectric mechanism in these
layered systems. Our Letter clarifies the mechanisms of
magnetism and ferroelectricity in CuFeO, systems, and has
significant implications for the highly regarded field of two-
dimensional multiferroics.
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